Abstract: Point clouds scanned by three-dimensional lasers may be multidirectional affine transformed when the specifications for the products, laser scanners, and thermal expansion are incompatible. If a point cloud is out of order in such a case, many existing algorithms may not be suitable to solve the problem. Therefore, this paper proposes a multidirectional affine registration (MDAR) algorithm based on the statistical characteristics and shape features of point clouds. First, we transform the problem into a problem of finding certain matrix eigenvalues. In addition, the similarity of the global vector features is introduced, and the scaling factor is calculated by maximizing the similarity. Finally, using the estimated affine factors, the multidirectional affine registration is transformed into a rigid registration. Simulation results show that the MDAR algorithm has better accuracy and less time consumption than several existing algorithms.
Introduction
At present, the main registration algorithms for point clouds are global registration [1] - [4] , local registration [5] - [7] and scale registration [8] - [10] . The scaling algorithm generally introduces an affine coefficient based on the global registration algorithm. However, due to different models of three-dimensional laser scanning equipment, thermal expansion of the objects being scanned, and differences in the types of objects being scanned, point clouds may have different scaling ratios in different directions. This kind of registration problem has rarely been studied. The registration problem becomes more complex and difficult if the point cloud is out of order, and existing algorithms are not suitable to solve it. In the point cloud automatic registration algorithm, Besl et al. [1] proposed a nearest point iterative algorithm (ICP), which is also a classic algorithm commonly used for registration. However, the ICP algorithm is not suitable for scale registration.
Ying et al. put forward the Scale-ICP algorithm in [8] . The algorithm introduces an affine factor, for a total of 7 undetermined variables, to register point clouds on different scales. Moreover, the Scale-ICP algorithm has shown fast convergence in experiments. However, it can only be applied to register point clouds transformed by a single scaling factor. In [9] , A. Makovetskii et al. put forward an affine registration method for point clouds based on a point-to-plane approach. The algorithm is used to register point clouds that are multidirectional affine transformed. However, the algorithm depends on the inner product operation. If the point cloud data are out of order, the algorithm will fail to complete the registration.In [10] , Ho. J et al., proposed an algebraic approach to affine registration of point sets. This algorithm solves the same problem in [9] . In [11] , Kannala. J. et al. proposed a multi-scale affine registration algorithm, but it can only be used for image registration. In [12] , an affine registration algorithm based on ICP and independent component analysis (ICA) was proposed for point sets. However, the ICA algorithm relies on the order of the point clouds. Therefore, if the point cloud data are out of order, the algorithm will fail to complete the registration.
Some scholars have improved the ICP algorithm by using geometric characteristics and invariant statistical properties to achieve more registration in more complex cases. The point cloud curvature [3] , [7] , [13] calculated from the local covariance of the point cloud can achieve registration for local overlapped point clouds. By using the invariant angle [14] - [16] between the normal vector in the K-neighborhood and the normal vector of the point cloud, point clouds can be effectively registered. Similarly, Cheng et al. [17] proposed a registration algorithm combining feature lines and corner points. Sharp [14] proposed the ICP-IF (ICP registration using invariant features) algorithm, in which an invariant property is applied to the ICP algorithm. Bea [16] proposed the GP-ICP (geometric primitive ICP) algorithm, in which the rate of change of the normal vector and the curvature information are used to increase the convergence domain of the ICP algorithm. However, when point clouds are multidirectional affine transformed, their geometric and statistical characteristics will change dramatically. Therefore, these algorithms may fail to register them.
In addition, some probability algorithms [18] , [19] have been proposed. With the development of these algorithms, it can be seen from [20] - [22] that point cloud registration has gradually been converted to a probability estimation problem. Many new algorithms have also been proposed. The CPD (coherent point drift) algorithm in [23] is a new algorithm based on GMM (Gaussian mixture models) and variational theory. The algorithm can achieve rigid and nonrigid registration for point clouds. Bing Jian et al. in [24] transformed point cloud registration into the fitting of GMM parameters for two point clouds.
It is worth noting that the point cloud that needs to be registered may be the original point cloud after affine transformation. The algorithms in [8] , [9] , [12] , [23] and other studies in the literature can be used to register point clouds at different scales. However, point clouds may have different scaling ratios in different coordinate directions and may be out of order or even incomplete. After this type of affine transformation, the geometric features and statistical features of the point cloud will be greatly changed compared to the target cloud, which makes the registration algorithms ineffective and even invalid. Therefore, this paper studies the registration of point clouds after multidirectional affine transformation and proposes a registration algorithm for such point clouds under disorder.
Affine Registration Problem
Compared to standard objects, some objects may have different scale ratios in different directions. The scale ratios of point cloud A in the x, y, and z directions are assumed to be nonnegative numbers ρ x , ρ y , ρ z that are different from each other. If these ratios were all equal, the registration problem would be simple; in this case, the problem will be difficult. Therefore, this paper studies cases where these ratios are not equal. Let the point cloud transform operator T • be
where p 0 is a translation vector, R a rotation matrix, and
Here, the target point cloud is represented by a matrix A and the source point cloud by a matrix B, where
where I n ∈ R 1xn is the vector whose elements are all 1. We first remove the mean of the point cloud and ensure that the center of the point cloud is at the origin of the coordinate space. The deaveraged point clouds for matrices A and B are as follows:
By (3) and (4), we can obtaiñ
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BB T andÃÃ T are symmetric positive definite matrices, so
where Q A , Q B are orthogonal matrices and A , B are diagonal matrices.Then,
According to the non-uniqueness of matrix decomposition, we can introduce an orthogonal matrix E such that
Then,
Clearly,
Then, the eigenvalues of B and E
A E are the same. Let the eigenvalues of B be λ 1 , λ 2 , λ 3 . Let the diagonal elements of the diagonal matrix S 2 be μ 1 , μ 2 , μ 3 . By the matrix eigenvalue equation, the following equation can be obtained.
Here, I represents the third-order identity matrix. Then, ⎛ ⎜ ⎝
This is a ternary cubic system of equations, which has multiple solutions according to the theory of algebraic equations. However, it is worth noting that
Then, equation (9) can be rewritten as ⎛
Although the constraint terms can reduce the number of solutions, the problem of multiple solutions still exists. To overcome this problem, more constraints need to be added.

Structural Similarity
Section 2 mainly studies the statistical characteristics of point clouds. However, equation group (11) may still be a multisolution system based on the statistical properties of point clouds. Through (11), S can be estimated. Here, the estimated value of S is written asŜ. However, ifŜ is an exact solution, then the multidirectional affine registration problem becomes a classic registration problem for the point cloudsŜÃ andB . SinceŜ may not be an exact solution, the following formula can be introduced:
Here, I denotes a non-singular diagonal matrix and IŜ = S. To determine ifŜ is an exact solution, this section describes the structural characteristics of the point cloud to ensure that the solution of the system is unique. Here, we define the global structure feature and introduce a continuous bounded nonlinear real function cluster.
The global vector features of point cloudsŜÃ andB are defined as
wherep k andq k denote the k-th column vector ofÃ andB , respectively. Thus, after taking the weighted average of data, some features of the point cloud become more stable. The characteristic matrix for two point clouds is defined as
It is worth noting that, if I = I , then
According to the least squares method,
The global vector features are weighted by a nonlinear function, soR is not an orthogonal matrix if I = I . Similarity is intended to describe the extent to whichR approximates an orthogonal matrix. The singular values of orthogonal matrices are all 1, so the similarity of the global vector features of a point cloud is defined as the normalized cosine similarity of the singular value vector ofR and the vector (1, 1, 1) T . We have
where σ k (R ) denotes the k-th singular value. Obviously, γ si m ∈ (0, 1]. When γ si m is close to 0, it means that the two point clouds are not similar; when γ si m is close to 1, it means that the two point clouds are similar. If I and I are quite different, then
For convenience, the above formula is written aŝ
where X ∈ R 3×3 . In general, a point cloud is a complex point set. Then, nine linearly independent basis matrices must be found in the matrix set {p kp T l }. By appropriately changing the values and characteristics of the nonlinear function cluster, the matrix X can be mapped to an arbitrary R 3×3 matrix. If the singular value ofR is still all 1, then
In other words, the matrix X must be an orthogonal matrix. In addition, X is also an SO (3) group, which is a 6-dimensional matrix. If the spatial distribution of the point clouds is considered random, then the probability that X is an orthogonal matrix is
where m(•) represents the probability measure. Hence, the probability that X is an orthogonal matrix is 0 almost everywhere. In other words, an exact solution of the equations (11) always maximizes γ si m .
Registration Algorithm Using Similarity
If equation group (11) fails to estimate the scale ratio, then the similarity between the two point clouds will be close to 0. Therefore, the exact solution of equation group (11) maximizes the similarity. Therefore, the solution that maximizes similarity is considered an exact solution.
The equations are nonlinear, so the Newton iteration method is used to solve them. The nonlinear equations are abbreviated as
The differential operator is complicated for this equation, so it is replaced by numerical differentiation. Then, the Jacobi matrix can be obtained by
where μ k • denotes the Newton difference operator for μ k , and μ represents a step close to 0. Further, according to the Newton iteration method, the following can be obtained.
n F n < ε, then the iteration process terminates. Then, the estimated value of the shrinkage matrix S can be calculated.
Then, the similarity γ si m betweenŜÃ andB can be calculated by formula (17) . If γ si m > γ th , then the exact solution of the equation is (μ 1 , μ 2 , μ 3 ).
MDAR Algorithm
According to Sections 3.1 and 3.2, the affine matrix S can be easily obtained. Next, this section explores the registration of point clouds after the estimated valueŜ is known. At this point, the multidirectional affine registration problem is an ordinary registration problem. Let A s be a transition point cloud, and A s =ŜÃ . Then,
Before the point clouds are registered, it is necessary to establish a corresponding relationship between the two point clouds. Prior to this, the point clouds must be initially registered. According to PCA, point clouds A s andB can be decomposed into
where P A , P B are orthogonal matrices and A , B are diagonal matrices.
For convenience, P A and P B are written as (p
A , p
A ) and (p
B , p
B ), respectively. Without loss of generality, the two eigenvectors corresponding to the two largest eigenvalues of the point clouds are p (1) A , p (2) A and p
B , respectively. However, the eigenvectors may have ambiguity in terms of direction. Further, the eigenvectors corresponding to the two point clouds can be corrected to
B =p
Then, a rough estimate of R can be obtained.
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A ,p
To accurately register the point clouds, this section searches for the corresponding points in the point clouds that will optimize the rotation matrix R and the translation vector T. The optimization model is
where Z (k) is the corresponding points of R (k) A s in point cloudB , k is the number of iterations, and • F represents the Frobenius norm. Here, let R * be the limit of {R (k) }, and let {T (k) } converge to T * . Then,
where B p is the point cloud after registration. Clearly,
Based on the above description, the multidirectional affine registration (MDAR) algorithm is proposed, and its detailed steps are as follows.
MDAR Algorithm: Step 1) Given two point cloud A and B ;
Step 2) Point clouds A and B are preprocessed by (4) 
Affine Registration Test
To prove the effectiveness of the MDAR algorithm, bunny and horse 3D point cloud data provided by Stanford University were used for registration verification. The simulation was based on MATLAB 2016a, whose environment was configured for a 2.5 GHz CPU with 8 GB RAM. 
Standard for Error Evaluation
To demonstrate the advantage of the proposed algorithm for registrations between two data sets with multidirectional affine transformation, a modified root mean square error(RMSE) is applied to evaluate the error of the registration.
where Z * represents the corresponding point set of the point cloudÃ in the point cloud B p .
Multidirectional Affine Transformation
To test the performance of the algorithm under multidirectional affine conditions, the shrinkage matrices of the bunny and horse point clouds in the simulation are, respectively,
Then, the two groups of point clouds that can be randomly translated and rotated are as follows. When point clouds are out of order, Scale-ICP algorithm and CPD algorithm are compared with the MDAR algorithm in this paper. The simulation results of several algorithms are as follows. Fig. 1 shows that the deformation of point clouds changed greatly after multidirectional affine transformation. In Fig. 2 , different algorithms are used to try to register this type of point cloud. The registration results of the Scale-ICP algorithm are not satisfactory. As seen in Fig. 2 , the affine factor of the Scale-ICP algorithm seems to be invalid, and the rotation matrix is also incorrectly estimated. According to [8] and many simulations, the reasons that Scale-ICP failed to register the point clouds have been discovered. There are two main reasons: 1) The direction of the rotation matrix in the initial registration is fuzzy; 2) The nearest point can no longer be used as the corresponding point if the point cloud is multidirectional affine transformed. When the CPD (nonrigid) algorithm is used, the point clouds after registration also have some shape distortion. The default number of iterations in the CPD program code is 100. When the CPD algorithm registers the point clouds Bunny and Horse, it attempts to increase the number of iterations to 200. However, the point cloud still has shape distortion. Based on many experiments, it was found that the CPD algorithm relies somewhat on the initial position. If the initial position is poor, the registered point cloud always has shape distortion.
In general, in terms of the point cloud after multidirectional affine transformation, the MDAR algorithm proposed in this paper gives excellent results. The registration accuracies and time consumptions of several algorithms are shown in Tables 1 and 2, respectively. It can be seen from Table 1 that the MDAR algorithm is more suitable for the point cloud after multidirectional affine transformation; its RMSE can almost reach 0. Compared with other algorithms, the nonrigid CPD algorithm sometimes has a slightly better registration effect, but it inevitably makes the shape of the point cloud abnormal. It is shown in Table 2 that CPD takes the longest time out of the three algorithms. Although the Scale-ICP algorithm with affine factor transformation improves the convergence of ICP, the time consumption is still relatively large. The registration algorithm proposed in this paper consumes the least time.
Multidirectional Affine Transformation With Noise
Point clouds may also be disturbed by noise, and the anti-noise performance is an important indicator for an algorithm. Therefore, based on Section 4.2, the point clouds are combined with Gaussian white noise. In this case, the performances of several algorithms are tested. As shown in Fig. 3 , the point clouds are affected not only by noise but also by multidirectional affine transformations. It is not difficult to see that the edge of the point clouds become very blurred with noise. Moreover, under the condition that the SNR (signal-to-noise ratio) is 20 dB, the registration results of several algorithms are shown in Fig. 4 . As seen in Fig. 4 , the Scale-ICP algorithm still fails and the CPD algorithm makes the point clouds distorted. In fact, the error estimates by the corresponding points between the point clouds may not be rigorous because the RMSE may also be small when a point cloud is distorted. To clearly explain why the RMSE cannot accurately describe the error performance of the algorithm, a 2-dimensional diagram is given.
As seen in Fig. 5 , when the corresponding point is calculated, it is often replaced by the closest point. However, some points on the distorted surface are the real corresponding points, and they are usually ignored. Therefore, although the point cloud has severe distortion, the RMSE of the algorithm is still small. As shown in Fig. 5 , this phenomenon generally occurs in small local areas. This also explains why CPD has a small RMSE even though it causes severe shape distortion. Fortunately, the MDAR algorithm introduces three scaling factors in orthogonal directions, so the algorithm may result in overall distortion without local distortion. In other words, if the RMSE of the MDAR algorithm is smaller than those of the other algorithms, the performance of MDAR is superior to other algorithms. This paper attempts to register point clouds with SNR values between 20 dB and 30 dB. The relationship between the root mean square error and the signal-to-noise ratio is shown in Fig. 6 .
As seen in Fig. 6 , the errors of the CPD algorithm and the MDAR algorithm are all of the same order of magnitude. However, the RMSE of the Scale-ICP algorithm is large and even erroneous. When the SNR is greater than 20 dB, MDAR has excellent registration performance. Moreover, the small SNR of the MDAR algorithm also indicates that the algorithm does not cause the point cloud to be significantly distorted. Overall, MDAR is an algorithm that is resistant to noise and has good accuracy.
Experimental Data Analysis
To verify the effectiveness of the proposed algorithm for actual scan data, the algorithm was verified by MATLAB 2016a on the platform with an Intel Core i5 2.5 GHz CPU and 8 GB RAM. The HANDYSCAN700TM portable laser scanner was used to scan several groups of objects. The HANDYSCAN 700TM portable laser scanner is shown in Fig. 7 .
The scanned data was exported to the software Vxelements. The objects collected by the scanner are shown in Fig. 8 .
As shown in Fig. 8 , the scanned objects are in (a); the point clouds reconstructed by software are in (b), (c). In fact, because the objects being scanned may be reflective, it can be seen from Fig. 8 that the point cloud in some areas is not captured. However, on the whole, the collected point cloud distribution is relatively uniform. As shown in Fig. 9 , the registration results of several algorithms for different point clouds. Fig. 9 shows that both the CPD algorithm and the MDAR algorithm have satisfactory results; however, the results of the Scale-ICP algorithm are not satisfactory. In fact, the initial registration algorithm in the Scale-ICP algorithm always has an ambiguity in terms of direction. The Scale-ICP algorithm has a better result for object 2 compared to objects 1 and 3. It is worth noting that the Scale-ICP algorithm does not fully register the point cloud. In addition, after the point cloud is registered by CPD, distortion occurs at some of its edges and corners. The MDAR algorithm has better results. Fig. 9 Clearly shows that the registered point cloud and the target point cloud coincide completely. Table 3 shows that Scale-ICP may experience the problem of local convergence, and its RMSE is the largest; the MDAR algorithm is satisfactory. However, when several algorithms register object 2, the result of MDAR is slightly worse than that of CPD. However, as can be seen from Table 4 , CPD requires a lot of time to run. In general, the CPD algorithm takes a long time to register the point cloud, which inevitably causes local shape distortion. Overall, MDAR is a very advantageous algorithm if better precision and high efficiency are required.
It is worth noting that multidirectional affine phenomena in the scanned point clouds are not easily observed. Therefore, in this section, we compare the results of several algorithms, after the point clouds are multidirectional affine transformed. Due to the limited space, taking object 3 as an example, the registration result is shown in Fig. 10 .
Under different scale matrix conditions, the registration results of several algorithms are shown in Table 5 . The runtime is similar to Table 4 , so this section will not be described in detail. It can be seen from Table 5 that the MDAR algorithm has an excellent registration effect. When the elements in the scale matrix differ greatly, the CPD may make the point cloud distorted. However, the scale matrix has a smaller effect on the effect of MDAR than other algorithms. In general, the MDAR algorithm proposed in this paper has the ability to register actual objects.
Conclusions
This paper proposes an algorithm for registering point clouds after multidirectional affine transformation. In the paper, matrix characteristic equations are used to construct nonlinear overdetermined equations to solve for affine factors. Mathematical theory proves that this method is feasible and effective. In the simulation and experiment, compared with the Scale-ICP algorithm and the CPD algorithm, the MDAR algorithm proposed in this paper has higher efficiency and satisfactory accuracy. In fact, affine transformations are everywhere and existing algorithms are not suitable for registering point clouds after multidirectional affine transformation. The MDAR algorithm is well suited to transform this complex registration problem into a common rigid registration problem. This also shows that the MDAR algorithm can be used as the initial registration algorithm of ICP and many improved ICP algorithms. In other words, the MDAR algorithm is significant not only for completing registrations and improving efficiency but also for expanding existing algorithms to achieve registration in more complex cases. Therefore, this paper is of great significance in improving the applicability of existing algorithms.
The MDAR algorithm can efficiently register complete point clouds. However, this algorithm cannot register point clouds that are incomplete and unevenly distributed. In addition, the concept of structural similarity is used in this paper. The choice of an optimal nonlinear function is still a problem when calculating the structural similarity. In this paper, the nonlinear function g j (x) is usually taken to be
where α = 0.5, σ = 0.01 in the simulation. We have also used Gaussian functions to achieve similar effects. Later, we will study how to choose the best nonlinear function. This structural similarity function is of great significance as a method for evaluating the results of point cloud registration.
